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We propose a novel mechanism of the Kondo effect driven by a chirality imbalance (or chiral
chemical potential) of relativistic light fermions. This effect is realized by the mixing between a
right- or left-handed fermion and a heavy impurity in the chirality imbalanced matter even at zero
density. This is different from the usual Kondo effect induced by finite density. We derive the
Kondo effect from both a perturbative calculation and a mean-field approach. We also discuss the
temperature dependence of the Kondo effect. The Kondo effect at nonzero chiral chemical potential
can be tested by future lattice simulations.
I. INTRODUCTION
The Kondo effect [1–5] is known as a phenomenon
which occurs in metal including heavy impurities. It
leads to drastic modifications of the transport properties
of conducting (or itinerant) electrons at low temperature.
While, in the conventional case, itinerant electrons are
treated as nonrelativistic fermions, recent studies show
that the Kondo effect can be realized also in systems
with relativistic fermions.
One example of the Kondo effect realized in the rel-
ativistic system is the isospin Kondo effect. This effect
can be induced near the Fermi surface of nucleons with a
heavy hadron such as Σ
(∗)
c or D¯(∗) existing as an impu-
rity, where the non-Abelian SU(2) interaction between
the light nucleon and the heavy hadron is supplied by an
isospin exchange [6–9]. In the context of quantum chro-
modynamics (QCD) in which the non-Abelian SU(3) in-
teraction is governed by the color interaction mediated
by gluons, the so-called QCD Kondo effect which may be
realized in quark matter composed of up and down (and
also often strange) quarks with a heavy (charm or bot-
tom) quark, has been studied in the literatures [6, 10–22].
Moreover, in the context of electron systems with Dirac
or Weyl dispersion in solid states, called Dirac/Weyl
semimetals, it has been seen that the vanishing density
of states around the Dirac or Weyl points leads to an
anomalous Kondo screening behavior, distinct from nor-
mal metals [14, 23–35].
In relativistic massless fermions, one of the interest-
ing characteristics is their chirality i.e. the left-handed
and right-handed degrees of freedoms. In this paper, we
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propose a novel type of Kondo effect: the Kondo effect
driven by a chirality imbalance (or chiral chemical po-
tential µ5). This is similar to the “usual” Kondo ef-
fect induced on the Fermi surface but slightly different
in the sense that it occurs even at zero chemical poten-
tial, µ = 0. We particularly study the Kondo effect at
finite µ5 perturbatively and non-perturbatively: The for-
mer is accomplished by the renormalization group (RG)
analysis at one loop, and the latter is by the mean-field
analysis. In the present work, we do not take into account
the effects from interactions between two light fermions
such as chiral condensate in order to focus on the Kondo
effect in a transparent way.
To investigate systems with µ5 will give a motivation
for Monte Carlo (lattice) simulations of strongly corre-
lated quantum systems such as the Kondo effect and
quark-gluon dynamics, which is one of the promising
tools to nonperturbatively study them. While Monte
Carlo simulations with a finite chemical potential µ suffer
from the sign problem, at finite chiral chemical potential
µ5, the sign problem is absent [36] (also see Refs. [37–
41]). Therefore, when the Kondo effects are induced by
finite µ5, we expect that Monte Carlo simulations with
µ5 would be promising for measuring the Kondo effect.
In the context of QCD, a chirality imbalance might
be realized in the heavy-ion collision (HIC) experiments.
Arguments on its possibility have a long history [42], and
there are some scenarios leading to local parity violation,
such as the sphaleron transition [43–45], the parallel color
electric and magnetic fields (or the Glasma) [44, 46], and
disoriented pseudoscalar condensates [47, 48]. At early
state of HIC, heavy quarks are also produced by hard
processes mediated by gluons from nucleon-nucleon scat-
tering at high energy.1 Thus HIC is expected to be a
1 These heavy quarks can play a role of heavy impurities without
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2possible environment to study the Kondo effect with chi-
rality imbalance.2
Our analyses can also be extended to Dirac or Weyl
semimetals with energy splitting among Dirac or Weyl
cones in electronic band structure, such as in Weyl
semimetals with broken inversion symmetry [49–51].
Such an effect may be reproduced as well by Zeeman
splitting of spin-degenerate Dirac cones in topological
Dirac semimetals [52], such as Cd3As2 [53, 54].
This paper is organized as follows. In Sec. II, we con-
sider the Kondo effect at finite µ5 from an effective La-
grangian and a perturbation calculation. In Sec. III, to
study the Kondo effect in the nonperturbative region, we
formalize a mean field approach, and show the phase dia-
gram of the Kondo effect on the plane of temperature and
µ5. Section IV is devoted to our conclusion and outlook.
II. PERTURBATIVE APPROACH
In this section, we show the emergence of the Kondo
effect at finite µ5 within a perturbative scheme, which
can be signaled by existence of a Landau pole in the
renormalization group (RG) flow for the effective cou-
pling between a light fermion and a heavy fermion [55].3
We start our discussion by the following Lagrangian to
describe a scattering between a light fermion and a heavy
fermion:
L = ψ¯(i/∂ + µ5γ0γ5)ψ + Ψ¯(i/∂ −MQ)Ψ
+G(ψ¯taγµψ)(Ψ¯taγµΨ) , (1)
in which ψ and Ψ denote the light-fermion and heavy-
fermion fields, respectively. µ5 is the chiral chemical po-
tential and MQ is the heavy-fermion mass whose value
is significantly larger than the typical scale of the the-
ory. ta with an index a = 1, . . . , N2 − 1 is the gener-
ator of the SU(N) group characterizing a non-Abelian
interaction. In terms of the interaction manner between
the light fermion and the heavy fermion, we have em-
ployed a vector-type contact interaction.4 G > 0 is the
coupling constant. We notice that, in this section, we
introduce the heavy-fermion field (Ψ) as a Dirac spinor
satisfying any chemical equilibrium conditions, when we focus on
the short time scale in which the weak decay of the heavy quarks
does not take place. The Kondo effect can evolve regardless of
any chemical equilibriums on the heavy quarks.
2 The realization of chiral chemical potential large enough in ex-
periments is an open question. For example, chiral charges are
not conserved because of the existence of the quantum anomaly.
3 A perturbative calculation of the QCD Kondo effect at finite µ5
was also done in an early work by Ozaki and Itakura (unpub-
lished).
4 In the context of QCD, the interaction term in Eq. (1) can be
motivated by a one-gluon exchange interaction between the light
quark and the heavy quark with a large Debye mass, as demon-
strated in Ref. [10]. This is confirmed at one-loop calculation for
µ5 without ordinary chemical potential µ.
which includes an anti-particle as well as a particle com-
ponent. However, later, we will take a limit of MQ →∞
to describe the emergence of the Kondo effect in more
transparent way.
The scattering amplitude between the light fermion
and the heavy fermion up to one loop is of the form
M =M(0) +M(1) , (2)
where M(0) and M(1) are the amplitude at tree level
and at one-loop level, respectively. Explicitly, M(0) and
M(1) are obtained as
M(0) = Gu¯(pf )taγµu(pi)U¯(qf )taγµU(qi) , (3)
and
M(1) =M(1a) +M(1b) , (4)
with
M(1a) = −G2T
∑
n
∫
d3k
(2pi)3
u¯(pf )t
aγµSl(k)t
bγνu(pi)
×U¯(qf )taγµSh(qi − k + pi)tbγνU(qi) , (5)
and
M(1b) = −G2T
∑
n
∫
d3k
(2pi)3
u¯(pf )t
aγµSl(k)t
bγνu(pi)
×U¯(qf )tbγνSh(qi + k − pf )taγµU(qi) , (6)
respectively, which are diagrammatically indicated in
Fig. 1. u(p) and U(q) are the Dirac wavefunctions for the
light and heavy fermions, respectively, with p = pi (pf )
and q = qi (qf ) the initial (final) momenta. In Eq. (4),
we have employed the imaginary-time formalism to take
into account the finite temperature effect, so that the
propagators Sl(k) and Sh(k) take the form of
Sl(k) =
∑
5=±
P5∆˜l
(
i(ωn − i5µ5)
)
, (7)
and
Sh(k) = ∆˜h(iωn) , (8)
with
∆˜l
(
i(ωn − i5µ5)
)
= − i(−ωn + i5µ5)γ0 +
~k · ~γ
(ωn − i5µ5)2 + |~k|2
, (9)
and
∆˜h(iωn) = −−iωnγ0 +
~k · ~γ −MQ
ω2n + |~k|2 +M2Q
, (10)
where ~γ ≡ (γ1, γ2, γ3) is the spatial components of the
Dirac gamma matrices. In these expressions, P± = (1±
γ5)/2 is the right-handed or left-handed projection oper-
ator, and the Matsubara frequency is ωn = (2n + 1)piT
(n = 0,±1,±2, · · · ). The detailed calculation of the one
3Tree-level amplitude          . One-loop amplitude           . One-loop amplitude           .
FIG. 1. The diagrammatical picture of the scattering amplitude between the light fermion and the heavy fermion in Eqs. (3), (5)
and (6).
loops in Eqs. (5) and (6) within the imaginary-time for-
malism is provided in Appendix A.
Before showing the results of Eq. (2), we notice some
important points about the fermion wavefunctions u(p)
(u¯(p)) or U(q) (U¯(q)). First, in terms of the light-fermion
wavefunction, it is useful to separate the light-fermion
transition part in Eq. (2) into the right-handed and left-
handed ones by defining uR = P+u and uL = P−u, since
the Lagrangian (1) preserves the axial current.
Next, in terms of the heavy-fermion wavefunction, as
is well known, the free Dirac spinor can be decomposed
into
U(q) = Λ+U(q) + Λ−U(q)
= U+(q) + U−(q) , (11)
with U±(q) ≡ Λ±U(q), by defining the projection opera-
tor with respect to the positive-energy (+) and negative-
energy (−) solutions of the Dirac equation:
Λ± ≡ MQ ± (q0γ0 − ~q · ~γ)
2MQ
, (12)
with q0 =
√
|~q|2 +M2Q. When we measure the energy of
the fermion from MQ as in the non-relativistic system,
i.e., by shifting the energy of the positive-energy and
negative-energy components commonly as q0 → q0−MQ,
we need to cost at least 2MQ for the excitation of the
negative-energy component, which can be ignored in the
limit of MQ → ∞. Therefore, when we consider such
a situation, we can drop U−(q) in Eq. (11), and replace
U(q) by U+(q).
By taking the above arguments into account, the tree-
level amplitude in Eq. (3) can be reduced to
M(0) = G u¯R(pf )taγ0uR(pi)U¯+(qf )taU+(qi)
+ G u¯L(pf )t
aγ0uL(pi)U¯+(qf )t
aU+(qi) , (13)
in which we have used a fact of U¯+(qf )t
a~γU+(qi) = 0 with
MQ →∞. The one-loop amplitudeM(1) in Eq. (4) is cal-
culated in detail in Appendix A. According to Eq. (A24),
the resulting M(1) is of the form
M(1) ≈ G
2
2
Nρ0
2
∫ ∞
−µ5
dE
1− f˜β(E)
E
×u¯R(pf )taγ0uR(pi)U¯+(qf )taU+(qi)
+
G2
2
∫
d3k
(2pi)3
1
µ5 − |~k|
×u¯L(pf )tatbγ0uL(pi)U¯+(qf )tbtaU+(qi) ,(14)
in the limit of MQ →∞ with the initial- and final-state
light fermions inhabiting the “Fermi surface”, i.e. the
initial- and finial-state light fermions satisfy the kine-
matics of (p0, |~p|) = (0, µ5) for the right-handed fermion
while (p0, |~p|) = (2µ5, µ5) for the left-handed fermion (pµ
stands for pµi and p
µ
f collectively), due to the Dirac equa-
tion. f˜β(E) is the Fermi distribution function, f˜β(E) =
1/(eβE + 1) with inverse temperature β = 1/T . In ob-
taining Eq. (14), we notice that the density of states at
Fermi surface ρ0 = µ
2
5/(2pi
2) is employed since we assume
implicitly a hierarchy of MQ(→∞) µ5  T .
From the above considerations, it turns out that
Eqs. (13) and (14) lead to the RG equation [55] as
Λ
dG(Λ)
dΛ
= −Nρ0G
2(Λ)
4
(1− f˜β(Λ)) , (15)
for the coupling G(Λ) of only the right-handed fermion,
where the effective coupling G(Λ) depends on the energy
scale Λ measured from the Fermi surface. Alternatively,
the RG equation (15) can be converted into the dimen-
sionless one as
Λ¯
dG¯(Λ¯)
dΛ¯
= −NG¯(Λ¯)
2
8pi2
(1− f˜β¯(Λ¯)), (16)
by defining Λ¯ = Λ/µ5, G¯(Λ¯) = G(Λ)µ
2
5, and β¯ = βµ5
(T¯ = T/µ5). We comment that Eq. (16) is reduced to
the simple form,
Λ¯
dG¯(Λ¯)
dΛ¯
= −NG¯(Λ¯)
2
8pi2
, (17)
at T¯ = 0.
The resulting RG flow of the dimensionless coupling G¯
with N = 3 is shown in Fig. 2. In this plot, the results
with T¯ = 0, T¯ = 0.02, and T¯ = 0.2 are shown. As an ex-
ample, the initial values are taken to be G¯0 ≡ G¯(Λ0) = 3
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FIG. 2. The RG flow of the (dimensionless) coupling G¯ with
N = 3 for T¯ = 0 (red), T¯ = 0.02 (purple) and T¯ = 0.2 (blue).
The initial values are G¯0 = 3 at Λ¯0 = 0.2.
at the initial high-energy scale Λ0 = 0.2. The results
clearly show the logarithmic divergences at lower-energy
scales and the emergence of the Landau poles at the en-
ergy scale Λ¯ = Λ¯K lower than Λ¯0 (or temperature), im-
plying the appearance of the Kondo effect. We call Λ¯K
the Kondo scale. This behavior is easily understood by
the fact that the right-hand side of Eq. (16) is always
negative. It is important to note that the Kondo scale
is generated dynamically through the quantum processes
accompanying the non-Abelian interaction.5 The exis-
tence of the Kondo scale is more clearly confirmed in the
case of zero temperature (T¯ = 0). In fact, from Eq. (17),
we obtain the analytic form of the solution as
G¯(Λ¯) =
G¯0
1 + NG¯08pi2 ln
Λ¯
Λ¯0
, (18)
leading to
Λ¯K = Λ¯0e
− 8pi2
NG¯0  Λ¯0. (19)
The last inequality indicates that the Kondo scale is the
low-energy scale, so that it is exponentially smaller than
the high-energy scale Λ¯0. At finite temperature, we no-
tice that, as the temperature becomes higher, the value
of Λ¯K becomes smaller. Thus, this behavior implies the
suppression of the Kondo effect by finite temperature ef-
fects.
III. MEAN-FIELD APPROACH
At the low-energy scale below the Kondo scale, we need
to describe the Kondo effect in a nonperturbative way.
5 If there is no non-Abelian interaction (or the generator ta) in
the Lagrangian (1), all the logarithmic divergences fromM(1) in
Eqs. (14) are canceled, and hence the Kondo scale disappears.
For this purpose, we adopt a mean-field approach de-
scribing a mixing between a light relativistic fermion and
a heavy fermion based on the treatment in Refs. [12, 16].
A. Mean-field Lagrangian
For the light relativistic fermions, we use the one-flavor
light-fermion field ψ with a chemical potential µ and a
chiral chemical potential µ5.
6 For the heavy fermions, we
use a redefined field based on the so-called heavy-quark
effective theory [56, 57] (see Refs. [58, 59] for reviews):
Ψv ≡ 12 (1 + vµγµ)eiMQv·xΨ where MQ and vµ = (1,~0)
are the mass and four-velocity of the heavy fermion at
rest (the rest frame), respectively. After this redefini-
tion, only the positive-energy component of the original
Dirac spinor of the heavy-fermion field survives by the
projection operator 12 (1 + γ0). The original mass MQ is
subtracted by the factor eiMQv·x.
As a result, the effective Lagrangian is given by
L = ψ¯(i∂/+ µγ0 + µ5γ0γ5)ψ + Ψ¯vivµ∂µΨv
+G˜
[
|ψ¯RΨv|2 + |ψ¯LΨv|2 + |ψ¯R~γΨv|2 + |ψ¯L~γΨv|2
]
−λ(Ψ¯vΨv − nQ), (20)
where the SU(N) non-Abelian interaction term is a four-
point vertex, and G˜ is the coupling constant in the in-
teraction between a light fermion and a heavy parti-
cle.7 λ and nQ are the Lagrange multiplier and heavy-
particle density, respectively, for the constraint condition
Ψ¯vΨv = nQ [12, 16].
8 Thus, the number density of heavy
particles are controlled by the Lagrange multiplier (λ) in-
dependent of light fermions, so that the heavy particles
need not to satisfy chemical equilibrium conditions be-
cause they are impurities. Therefore, one needs not to
regard λ as a chemical potential of heavy particles.9 The
value of nQ is determined by solving a stationary condi-
tion of the thermodynamic potential: ∂Ω/∂λ = 0 (Ω will
be provided in Eq. (29) explicitly). Here, we notice that
choosing λ = 0 does not necessarily impose nQ = 0.
6 The one flavor is a simplified setup, but we can easily extend our
formalism to multi-flavor fermions, ψ ≡ (ψt1, ψt2, · · · , ψtNf ) [12,
16].
7 Note that the four-point interaction in Eq. (20) can be obtained
by the Fiertz transformation from Eq. (1). See e.g., Refs. [12,
16]. Using the projection operators for the chirality of the light
fermions, ψR =
1+γ5
2
ψ and ψL =
1−γ5
2
ψ, we can easily check
the chiral symmetry for the four-point interaction terms:
|ψ¯Ψv |2 + |ψ¯iγ5Ψv |2 + |ψ¯~γΨv |2 + |ψ¯γ5~γΨv |2
= 2
[
|ψ¯RΨv |2 + |ψ¯LΨv |2 + |ψ¯R~γΨv |2 + |ψ¯L~γΨv |2
]
.
8 Notice that Ψ¯v = Ψ
†
v in the rest frame.
9 The Kondo effect for a single heavy particle within the same
mean-field ansatz is formalized in Ref. [13].
5As a mean-field approximation, we assume the follow-
ing form of the condensate, which is the so-called Kondo
condensate [12, 16]:
G˜〈ψ¯RΨv〉 = ∆R, G˜〈ψ¯LΨv〉 = ∆L, (21)
G˜〈ψ¯R~γΨv〉 = ∆R pˆ, G˜〈ψ¯L~γΨv〉 = ∆L pˆ, (22)
where pˆ ≡ ~p/p (p ≡ |~p|) is the unit vector for the three-
dimensional momentum ~p.10 The angle brackets 〈O〉 de-
note the vacuum expectation value for an operator O.
Note that ∆R(L) is a complex number, which indicates
the mixing between the light fermion and the heavy parti-
cle. Thus, |∆R(L)| gives the absolute value of the Kondo
condensate. From Eq. (20), as a result, the mean-field
Lagrangian is written as
LMF = φ¯G(p0, ~p )−1φ− 2|∆R|
2
G˜
− 2|∆L|
2
G˜
+ λnQ,(23)
where φ ≡ (ψt, (Ψposv )t) contains the six components with
the Dirac four-spinor of the light-fermion field ψ and the
positive-energy projected components (two-spinor) of the
heavy-particle field Ψtv ≡ ((Ψposv )t, 0). The factor 2 in
front of |∆R(L)|2 comes from the ansatz (21) and (22).
The inverse propagator of φ is given by
G(p0, ~p )−1 ≡
 p0 + µ −~p · ~σ + µ5 ∆
∗
R
2 (1 + pˆ · ~σ) + ∆
∗
L
2 (1− pˆ · ~σ)
~p · ~σ − µ5 −(p0 + µ) −∆
∗
R
2 (1 + pˆ · ~σ) + ∆
∗
L
2 (1− pˆ · ~σ)
∆R
2 (1 + pˆ · ~σ) + ∆L2 (1− pˆ · ~σ) ∆R2 (1 + pˆ · ~σ)− ∆L2 (1− pˆ · ~σ) p0 − λ
 ,
(24)
in the standard representation of the Dirac matrices.
Before closing this subsection, we comment the symme-
try breaking pattern in the present analysis. Originally,
the Lagrangian (20) possesses U(1)R×U(1)L chiral sym-
metry, SU(2)HFS heavy-fermion spin (HFS) symmetry,
and U(1)h heavy-fermion number symmetry. Namely,
the original global symmetry is G = U(1)R × U(1)L ×
SU(2)HFS × U(1)h. After the Kondo condensate in
Eqs. (21) and (22) dominates the ground state, the sym-
metry will be broken to be H = U(1)R+L+h if ∆R 6= ∆L,
where the U(1)R+L+h symmetry is associated with a con-
servation of the sum of the light-fermion number and the
heavy-fermion number. As a particular case, if the Kondo
condensate satisfies ∆R = ∆L, then the remaining global
symmetry is H = U(1)R+L+h × U(1)R−L+HFSh , where
the U(1)R−L+HFSh stands for the so-called chiral-HFS
locked (χHFSL) symmetry argued in Refs. [12, 16].
10 The momentum dependence in Eq. (22) is called the hedgehog
solution. We assumed the scalar and hedgehog condensate have
the same value of ∆R(L).
B. Dispersion relations
By solving det[G(p0, ~p)−1] = 0, we obtain the six
energy-momentum dispersion relations
ER±(p) ≡ 1
2
(
p+ λ− µR ±
√(
p− λ− µR
)2
+ 8|∆R|2
)
,
(25)
EL±(p) ≡ 1
2
(
p+ λ− µL ±
√(
p− λ− µL
)2
+ 8|∆L|2
)
,
(26)
E˜R(p) ≡ −p− µR, (27)
E˜L(p) ≡ −p− µL. (28)
with µR,L ≡ µ ± µ5. The four modes, ER± and EL±,
are the mixing modes (quasiparticles) between the light
fermion and the heavy particle, which are induced by the
nonzero value of the Kondo condensate ∆R(L). On the
other hand, E˜R and E˜L are the decoupling anti-particle
modes. The obtained dispersion realtions and the wave
functions lead to the quasiparticle fermions, but they pre-
serve the topological properties for the original massless
Dirac fermions, where the Berry’s curvature induces the
monopoles in momentum space [16].
A schematic figure of these dispersion relations is
shown in Fig. 3. Among them, the quasiparticles with
ER− and EL− are essential for the Kondo effect because
the Kondo condensate is induced by the occupation of
quasiparticles under E(p) = 0.
6p
E(p)
EL+ EL- E˜ L
ER+ ER- E˜ R
FIG. 3. Dispersion relations of quasiparticles [ER±(p),
EL±(p), E˜R(p), and E˜L(p)] with Kondo condensate ∆R(L)
at finite µ5. The shadow area [E(p) < 0] is the region where
the (quasi)particles are occupied up to the cutoff momentum.
Here, we set ∆R = ∆L as an example.
C. Thermodynamic potential
From the modes in Eqs. (25)-(28), the thermodynamic
potential at finite temperature T is obtained as
Ω(T, µ, µ5, λ; ∆R(L)) = N
∫ Λcut
0
f(T, µ, µ5, λ; p)
p2dp
2pi2
+
2|∆R|2
G˜
+
2|∆L|2
G˜
− λnQ,(29)
where Λcut is an ultraviolet cutoff parameter of the mo-
mentum integral, and the integrand is
f(T, µ, µ5, λ; p)
= −1
2
∑
i=R,L
[
Ei+(p) + Ei−(p) + E˜i(p)
]
− 1
β
ln
[ ∏
i=R,L
(
1 + e−βEi+(p)
)(
1 + e−βEi−(p)
)
×
(
1 + e−βE˜i(p)
)]
. (30)
From the minimization condition of Eq. (29) or the gap
equation ∂Ω/∂∆R = ∂Ω/∂∆L = 0, we can determine
∆R(L) in a self-consistent way. In this model setting, the
free parameters are G˜ and Λcut (and N), and they can be
tuned for a specific system, as it will be explained later.
D. Numerical results
The Kondo condensate ∆R as a function of µ5 > 0 is
plotted in Fig. 4. Here we use, for example, G˜ = 2/Λ2cut
and 4/Λ2cut at N = 3. We find that ∆R is enhanced
as µ5 increases. This behavior indicates that the (rel-
ativistic) Kondo effect is induced by finite µ5. This is
consistent with the result from the perturbative analysis
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FIG. 4. Kondo condensate ∆R at finite µ5 > 0 and T = µ =
λ = 0 using G˜ = 2/Λ2cut or G˜ = 4/Λ
2
cut and N = 3. Note that
∆L ≈ 0 within these parameters. The black curves are the
results from an analytic solution (31).
in Sec. II. We emphasize that the usual (nonrelativis-
tic and relativistic) Kondo effects occur at finite µ, but
the Kondo effect at finite µ5 appears even when µ = 0.
See Appendix B for the discussion at finite µ. This
is a unique property of relativistic fermions composing
matter including impurities. Such Kondo effects can be
realized in relativistic-fermion matter, i.e. Weyl/Dirac
metal/semimetals and quark matter.
Within our parameters, we numerically find that, for
µ5 > 0, the Kondo effect is dominated by the right-
handed condensate ∆R, and the value of the left-handed
condensate ∆L is almost zero. On the other hand, in the
case of µ5 < 0, ∆L dominates the Kondo effect.
For a typical parameter in the QCD Kondo effect, we
apply the coupling constant, G˜ = Gc, where Gc ≡ 2/Λ2cut
and Λcut = 0.65 GeV, and the number of the colors is
N = 3. These parameters are the same as those used in
the Nambu–Jona-Lasinio model with a four-point inter-
action between a light quark and a light antiquark [60].
When we useGc, we find ∆R = 7.9 MeV at µ5 = 0.5 GeV.
If we use a stronger coupling constant, the Kondo ef-
fect is increasingly enhanced, as shown by the blue curve
in Fig. 4. Note that, if we extrapolate the results to
0.75 . µ5/Λcut, then we find a sudden decrease of ∆R,
but this behavior is an artifact from the cutoff Λcut in
our model.
For a better understanding of the plot in Fig. 4, here,
we show the analytic expressions of µ5 dependence of ∆R
and ∆L. Under an assumption of ∆R,∆L  µ5,Λcut
with T = µ = λ = 0, the gap equation is solved analyti-
cally as
∆R ≈ α
√
µ5(Λcut − µ5)
2
exp
(
− pi
2
Nµ25G˜
)
, (31)
∆L ≈ 0 , (32)
with α = exp
[
(Λ2cut + 2Λcutµ5 − 6µ25)/(4µ25)
]
, as shown
7FIG. 5. The phase diagram on the T -µ5 plane for the Kondo
condensate ∆R at µ = λ = 0. The parameters, G˜ = 2/Λ
2
cut
and N = 3, are used. Note that ∆L ≈ 0 within this parame-
ter.
in Refs. [12, 16]. Thus, the value of ∆R at µ5/Λcut . 0.3
does not vanish but is simply suppressed exponentially.
The analytic solution of µ5 dependence of ∆R in Eq. (31)
is shown by the black curve in Fig. 4, which is in good
agreement with the numerical result.
We comment the possible setup on lattice QCD simu-
lations. At finite µ, the Monte-Carlo simulations suffer
from the sign problem, so that it is difficult to measure
the QCD Kondo effect (by finite µ) by using lattice sim-
ulations. On the other hand, at finite µ5, we can escape
from the sign problem [36–41], and the QCD Kondo effect
(by finite µ5) will be observed.
Finally, we give a discussion on the temperature de-
pendence of ∆R at finite µ5. In Fig. 5, we show ∆R
on the T -µ5 plane. We observe that, when a finite T is
switched on, the value of ∆R decreases: the Kondo effect
is suppressed by finite-temperature effects, which is again
consistent with the perturbative analysis in Sec. II. The
order of the phase transition at finite T > 0 is of sec-
ond order (see Appendix C for examination based on a
susceptibility).
IV. CONCLUSION AND OUTLOOK
In this paper, we proposed the Kondo effect driven by a
chirality imbalance (or chiral chemical potential µ5) from
the point of view of the two theoretical approaches. Using
the perturbative approach, we found the infrared diver-
gence of scattering amplitude as a signal of the Kondo
effect. Using the mean-field approach, we found that the
Kondo condensate is enhanced by finite µ5. These are
universal properties in relativistic-fermion matter with
heavy impurities and a chirality imbalance, which can be
attributed to the enhancement of the density of states at
the Fermi surface. Our findings generalize the analysis
of the Kondo effect in Dirac or Weyl electron systems
with an energy splitting among Dirac cones [26], involv-
ing various types of SU(N) exchange interactions, such
as spin, isospin, and color. The interplay effect between
the exchange interaction and particular spin-orbit cou-
pling in crystalline electron systems, such as topological
Dirac semimetal Cd3As2, is left for further analysis.
As a topics not covered in the present study, we com-
ment that the response to magnetic and electric fields
would be interesting. For example, when µ5 is coupled
to a magnetic field, an electric current can be induced,
which is the so-called chiral magnetic effect [36, 45]. The
correlation between the chiral transport phenomena and
the Kondo effects will be worth to be studied. See for ex-
ample the discussion of the transport coefficients in the
Kondo effect in relativistic-fermion gas [18].
In the context of QCD, lattice simulations at finite µ5
evade from the sign problem [36–41], so that we can nu-
merically measure the QCD Kondo effects in a fully non-
perturbative way. The ground state of QCD in the low-
temperature and/or low-chemical potential region is the
chiral-symmetry breaking phase characterized by the chi-
ral condensate, and the ground state in the high-chemical
potential region is expected to be the color superconduct-
ing phase characterized by diquark condensate. These
condensates could exclude the Kondo condensate [14, 17]
or might induce a “coexistence” phase with two order
parameters [17]. The topological properties of the QCD
Kondo effect is also an interesting issue [16]. However,
the conclusion from the effective models depends on the
coupling constants of the interactions, and in the future
it should be checked based on QCD.
In particular, the properties of chiral condensates at
finite µ5 have been studied from chiral effective mod-
els [36, 61–81], Schwinger-Dyson equations [82, 83], and
lattice QCD simulations [39–41]. One of the characteris-
tic properties is the catalysis effect of the chiral symmetry
breaking by finite µ5. Therefore, in matter with a chiral-
ity imbalance and impurities, the two catalysis effects of
the chiral symmetry breaking and Kondo effect could be
correlated.
If we attempt to experimentally observe the Kondo
effect in environments with a chirality imbalance, the
finite-temperature effect will be practically important. In
particular, high-energy HICs produce high-temperature
medium, and it could suppress the Kondo effect. The
melting temperature of Kondo effect estimated in this
paper will be useful for future study.
In addition, in two- (or multi-) component fermion sys-
tems, the situation including an imbalance between the
chemical potentials of different fermions would be also
important. In QCD, the isospin chemical potential µI , an
imbalance between up- and down- quark chemical poten-
tials, is realized in neutron-rich nuclei and neutron stars,
and lattice QCD simulations are also applicable [84–87].
For a similar external parameter to µ5, the effects from
the chiral isospin chemical potential µI5 could be also
interesting [77, 78, 88–92].
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Appendix A: Matsubara summation in Eqs. (5)
and (6).
In this appendix, we show a detailed calculation of
Matsubara summation in the one-loop amplitudes in
Eqs. (5) and (6).
Within the imaginary-time formalism, Eqs. (5) and (6)
are rewritten to
M(1a) = −G2
∑
5=±
T
∑
n
∫
d3k
(2pi)3
u¯(pf )t
aγµP5∆˜l
(
i(ωn − i5µ5)
)
tbγνu(pi)U¯(qf )t
aγµ∆˜h(iωqi − iωn + iωpi)tbγνU(qi) ,
(A1)
and
M(1b) = −G2
∑
5=±
T
∑
n
∫
d3k
(2pi)3
u¯(pf )t
aγµP5∆˜l
(
i(ωn − i5µ5)
)
tbγνu(pi)U¯(qf )t
bγν∆˜h(iωqi + iωn − iωpf )taγµU(qi) ,
(A2)
respectively, where the Matsubara Green’s functions for
the light and heavy fermions are given by
∆˜l
(
i(ωn − i5µ5)
)
= − i(−ωn + i5µ5)γ0 +
~k · ~γ
(ωn − i5µ5)2 + |~k|2
,
(A3)
and
∆˜h(iωn) = −−iωnγ0 +
~k · ~γ −MQ
ω2n + |~k|2 +M2Q
, (A4)
with the Matsubara frequency ωn = (2n + 1)piT (n =
0,±1,±2, · · · ). Therefore, apart from the spinor and
SU(N) non-Abelian algebras, we need to calculate
I1 ≡ T
∑
n
∫
d3k
(2pi)3
∆˜l
(
i(ωn − i5µ5)
)
⊗∆˜h(iωqi − iωn + iωpi) , (A5)
and
I2 ≡ T
∑
n
∫
d3k
(2pi)3
∆˜l
(
i(ωn − i5µ5)
)
⊗∆˜h(iωqi + iωn − iωpf ) , (A6)
for the evaluation of M(1a) and M(1b).
First, let us demonstrate a detailed calculation of I1.
The three-momentum integral in Eq. (A5) is performed
by the conventional procedure as in the vacuum, such
that we show only the zeroth components of the momen-
tum or coordinate space explicitly below. The inverse
Fourier transformations of the Matsubara Green’s func-
tions ∆˜l
(
i(ωn − i5µ5)
)
and ∆˜h(iωn) given in Eqs. (A3)
and (A4) can be defined by
∆˜l
(
i(ωn − i5µ5)
)
=
∫ β
0
dτ∆˜l(τ)e
i(ωn−i5µ5)τ ,
∆˜h(iωn) =
∫ β
0
dτ∆˜h(τ)e
iωnτ . (A7)
Then, by making use of the Poisson summation formula∑
n
δ(x+ βn) = T
∞∑
n=−∞
ei
2pin
β x
= T
∞∑
n=−∞
eiωnxe−i
pix
β , (A8)
we get the following equation:
J1 ≡ T
∑
n
∆˜l(i(ωn − i5µ5))⊗ ∆˜h(iωqi − iωn + iωpi)
=
∫ β
0
dτ∆˜l(τ)⊗ ∆˜h(τ)e5µ5τ+i(ωqi+ωpi )τ . (A9)
The Matsubara Green’s function ∆˜l(h)(τ) is defined by
an analytic continuation of the greater Green’s function
S>l (t) = 〈ψ(t)ψ¯(0)〉β ,
S>h (t) = 〈Ψ(t)Ψ¯(0)〉β , (A10)
as
∆˜l(h)(τ) = S
>
l(h)(−iτ) . (A11)
9Here, we remind that the Fourier transformation of the
greater Green’s function S>l(h)(t) can be expressed as [93]
S>l (t) =
∫
dk0
2pi
(
1− f˜β(k0 − 5µ5)
)
ρ˜l(k0)e
−ik0t ,
S>h (t) =
∫
dk0
2pi
(
1− f˜β(k0)
)
ρ˜h(k0)e
−ik0t , (A12)
in which f˜β(k0) is the Fermi distribution function,
f˜β(k0) = 1/(e
βk0 +1) (β = 1/T ), and ρ˜l(h) is the spectral
function
ρ˜l(k0) = 2pi(k0)/kδ(k
2) ,
ρ˜h(k0) = 2pi(k0)(/k +MQ)δ(k
2 −M2Q) . (A13)
Then, we find that Eq. (A9) can be rewritten to
J1 =
∫ β
0
dτS>l (−iτ)⊗ S>h (−iτ)e(5µ5+iωqi+iωpi )τ
=
∫
dk0
2pi
dk′0
2pi
1− f˜β(k0 − 5µ5)− f˜β(k′0)
k0 + k′0 − iωqi − iωpi − 5µ5
ρ˜l(k0)⊗ ρ˜h(k′0)
= − 1
4|~k|Ek′
[(
1− f˜β(|~k| − 5µ5)− f˜β(Ek′)
)
F (|~k|;Ek′)
iωqi + iωpi + 5µ5 − |~k| − Ek′
+
(
f˜β(|~k| − 5µ5)− f˜β(Ek′)
)
F (|~k|;−Ek′)
iωqi + iωpi + 5µ5 − |~k|+ Ek′
−
(
f˜β(|~k|+ 5µ5)− f˜β(Ek′)
)
F (−|~k|, Ek′)
iωqi + iωpi + 5µ5 + |~k| − Ek′
−
(
1− f˜β(|~k|+ 5µ5)− f˜β(Ek′)
)
F (−|~k|;−Ek′)
iωqi + iωpi + 5µ5 + |~k|+ Ek′
]
, (A14)
with Ek′ =
√
|~qi − ~k + ~pi|2 +M2Q, where F (k0; k′0) is defined as F (k0; k′0) = /k⊗(/k′+MQ). By performing the analytic
continuations of iωqi → q0i + i, iωpi → p0i + i, and replacing the energy of the external heavy fermion by its mass as
q0 →MQ, together with the MQ →∞ limit, we find that Eq. (A14) is reduced to
J1 ≈ − 1
2|~k|
[
1− f˜β(|~k| − 5µ5)
p0i + 5µ5 − |~k|+ i
(|~k|γ0 − ~k · ~γ)⊗ Λ¯+ − f˜β(|
~k|+ 5µ5)
p0i + 5µ5 + |~k|+ i
(−|~k|γ0 − ~k · ~γ)⊗ Λ¯+
]
,
(A15)
with Λ¯+ ≡ limMQ→∞(/q + MQ)/(2MQ) = (1 + γ0)/2. Hence, by combining the three-momentum integral, finally we
can evaluate I1 in Eq. (A5) as
I1 ≈ −1
2
∫
d3k
(2pi)3
[
1− f˜β(|~k| − 5µ5)
(p0i + 5µ5)− |~k|
+
f˜β(|~k|+ 5µ5)
(p0i + 5µ5) + |~k|
]
γ0 ⊗ Λ¯+ . (A16)
Note that we are interested in only the real part of the amplitude, so that the imaginary parts have been omitted.
Therefore, M(1a) in Eq. (A1) becomes
M(1a) ≈ G
2
2
∫
d3k
(2pi)3
[
1− f˜β(|~k| − µ5)
p0i + µ5 − |~k|
+
f˜β(|~k|+ µ5)
p0i + µ5 + |~k|
]
u¯(pf )t
aγµP+γ0t
bγνu(pi)U¯+(qf )t
aγµΛ¯+t
bγνU+(qi)
+
G2
2
∫
d3k
(2pi)3
[
1− f˜β(|~k|+ µ5)
p0i − µ5 − |~k|
+
f˜β(|~k| − µ5)
p0i − µ5 + |~k|
]
u¯(pf )t
aγµP−γ0tbγνu(pi)U¯+(qf )taγµΛ¯+tbγνU+(qi) ,(A17)
by replacing U(qi)→ U+(qi)
(
U¯(qf )→ U¯+(qf )
)
together with the MQ →∞ limit.
In a similar manner, we can evaluate I2 in Eq. (A6) as
I2 ≈ −1
2
∫
d3k
(2pi)3
[
f˜β(|~k| − 5µ5)
p0f + 5µ5 − |~k|
+
1− f˜β(|~k|+ 5µ5)
p0f + 5µ5 + |~k|
]
γ0 ⊗ Λ¯+ , (A18)
which yields that M(1b) in Eq. (A2) becomes
M(1b) ≈ G
2
2
∫
d3k
(2pi)3
[
f˜β(|~k| − µ5)
p0f + µ5 − |~k|
+
1− f˜β(|~k|+ µ5)
p0f + µ+ |~k|
]
u¯(pf )t
aγµP+γ0t
bγνu(pi)U¯+(qf )t
bγνΛ¯+t
aγµU+(qi)
+
G2
2
∫
d3k
(2pi)3
[
f˜β(|~k|+ µ5)
p0f − µ5 − |~k|
+
1− f˜β(|~k| − µ5)
p0f − µ5 + |~k|
]
u¯(pf )t
aγµP−γ0tbγνu(pi)U¯+(qf )tbγνΛ¯+taγµU+(qi) ,
(A19)
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in the same limit. The total one-loop amplitude is given by the sum of Eqs. (A17) and (A19): M(1) =M(1a) +M(1b).
In the present study, we are interested only in the vicinity of the “Fermi surface” defined for the right-handed
fermion with µ5 > 0. Namely, we assume that the initial- and finial-state light fermions satisfy the kinematics of
(p0, |~p|) = (0, µ5) for the right-handed fermion while (p0, |~p|) = (2µ5, µ5) for the left-handed fermion (pµ stands for pµi
and pµf collectively), due to the Dirac equation. Thus, upon this assumption, M(1) reads
M(1) ≈ G
2
2
∫
d3k
(2pi)3
[
1− f˜β(|~k| − µ5)
µ5 − |~k|
+
f˜β(|~k|+ µ5)
µ5 + |~k|
]
u¯R(pf )t
atbγ0uR(pi)U¯+(qf )t
atbU+(qi)
+
G2
2
∫
d3k
(2pi)3
[
1− f˜β(|~k|+ µ5)
µ5 − |~k|
+
f˜β(|~k| − µ5)
µ5 + |~k|
]
u¯L(pf )t
atbγ0uL(pi)U¯+(qf )t
atbU+(qi)
+
G2
2
∫
d3k
(2pi)3
[
f˜β(|~k| − µ5)
µ5 − |~k|
+
1− f˜β(|~k|+ µ5)
µ5 + |~k|
]
u¯R(pf )t
atbγ0uR(pi)U¯+(qf )t
btaU+(qi)
+
G2
2
∫
d3k
(2pi)3
[
f˜β(|~k|+ µ5)
µ5 − |~k|
+
1− f˜β(|~k| − µ5)
µ5 + |~k|
]
u¯L(pf )t
atbγ0uL(pi)U¯+(qf )t
btaU+(qi) . (A20)
When we choose µ5 > 0 and assume its value is large compared to the temperature T , but small enough so that
MQ →∞ limit is justified, the terms including 1/(|~k|+µ5) or f˜β(|~k|+µ5) in Eqs. (A17) and (A19) can be neglected.
Hence, we find that M(1) is reduced to
M(1) ≈ G
2
2
∫
d3k
(2pi)3
1− f˜β(|~k| − µ5)
µ5 − |~k|
u¯R(pf )t
atbγ0uR(pi)U¯+(qf )t
atbU+(qi)
−G
2
2
∫
d3k
(2pi)3
f˜β(|~k| − µ5)
|~k| − µ5
u¯R(pf )t
atbγ0uR(pi)U¯+(qf )t
btaU+(qi)
+
G2
2
∫
d3k
(2pi)3
1
µ5 − |~k|
u¯L(pf )t
atbγ0uL(pi)U¯+(qf )t
btaU+(qi) . (A21)
This expression clearly shows that the transition amplitude of the left-handed fermion is not affected by the Fermi
surface, as naively anticipated. Then, by defining E = |~k| − µ5 for the first line in Eq. (A21) while E = µ5 − |~k| for
the second line, we find
M(1) ≈ −G
2
2
ρ0
∫ ∞
−µ5
dE
1− f˜β(E)
E
u¯R(pf )t
atbγ0uR(pi)U¯+(qf )t
atbU+(qi)
+
G2
2
ρ0
∫ ∞
−µ5
dE
f˜β(−E)
E
u¯R(pf )t
atbγ0uR(pi)U¯+(qf )t
btaU+(qi)
+
G2
2
∫
d3k
(2pi)3
1
µ5 − |~k|
u¯L(pf )t
atbγ0uL(pi)U¯+(qf )t
btaU+(qi) , (A22)
where we have replaced the density of states by that on
the Fermi surface, ρ0 = µ
2
5/(2pi
2), since we assumed a
hierarchy of MQ(→∞) µ5  T .
By using a relation f˜β(−E) = 1− f˜β(E) and the iden-
tities
(tatb)kl(t
atb)ij =
N2 − 1
4N2
δklδij − 1
N
(ta)kl(t
a)ij ,
(tatb)kl(t
bta)ij =
N2 − 1
4N2
δklδij − 2−N
2
2N
(ta)kl(t
a)ij ,
(A23)
finally we arrive at
M(1) ≈ G
2
2
Nρ0
2
∫ ∞
−µ5
dE
1− f˜β(E)
E
×u¯R(pf )taγ0uR(pi)U¯+(qf )taU+(qi)
+
G2
2
∫
d3k
(2pi)3
1
µ5 − |~k|
×u¯L(pf )tatbγ0uL(pi)U¯+(qf )tbtaU+(qi) ,
(A24)
which yields Eq. (14).
11
FIG. 6. µ-µ5 phase diagram of Kondo condensate ∆R(L) at
T = λ = 0 using G˜ = 2/Λ2cut and N = 3. (Top) ∆R. (Bot-
tom) ∆L. Vanishing ∆R in the large µ+µ5 region is a model
artifact.
Appendix B: Mean-field approach for Kondo effect
at finite µ
In this appendix, in order to compare the Kondo effects
at finite µ and µ5, we show the phase diagram at finite µ
using the same formalism as those in the main text. In
the upper panel of Fig. 6, we show the µ-µ5 phase dia-
gram of ∆R. In the region with large µ and/or µ5, we find
the appearance of the Kondo phase with nonzero ∆R.
Note that, in the region with large µ+µ5, ∆R is suddenly
suppressed and becomes zero, but this behavior is an arti-
fact from the ultraviolet cutoff, as mentioned in the main
text. Therefore, we cannot conclude the true physics in
this region, which is beyond the scope of this model. As
shown in the lower panel of Fig. 6, in the region with large
µ but small µ5, we find that ∆L is also enhanced. This
behavior indicates that the “usual” Kondo effect induced
by only finite chemical potential is realized, where both
the right-handed and left-handed condensates contribute
to the Kondo effect (namely, ∆R ≈ ∆L).
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FIG. 7. µ5 dependence of specific heat CV at T/Λcut = 5 ×
10−6 and 5× 10−5.
Appendix C: Order of phase transition at finite T
As shown in Sec. III D, at zero temperature, the value
of the Kondo condensate is exponentially suppressed as
µ5 decreases. On the other hand, when a nonzero tem-
perature is switched on, the transition is transformed into
the second-order phase transition.
A second-order phase transition is characterized by
the discontinuous behavior of a susceptibility (the second
derivative with respect to a parameter) near the transi-
tion region. Here, in order to check the phase transition
for the Kondo condensate at finite temperature, we in-
vestigate two types of susceptibilities.
First, we investigate the specific heat defined as CV ≡
−T ′ ∂2∂T ′2 Ω(T ′, µ5; ∆R(L))|µ5,T ′=T at a fixed temperature
T , where the thermodynamic potential Ω(T, µ5; ∆R(L))
is given by Eq. (29). As shown in Fig. 7, we find a
discontinuous behavior of CV between the normal phase
at low µ5 and the Kondo phase at high µ5. This dis-
continuity indicates that the transition at µ5 6= 0 and
T 6= 0 is second order. Note that the entropy density
[s ≡ − ∂∂T ′Ω(T ′, µ5; ∆R(L))|µ5,T ′=T ] is confirmed to be a
continuous function for all µ5. We also note that the dis-
cussion at finite µ5 is the same as the transition of the
Kondo condensate at finite µ [12, 16].
Second, we also investigate the Kondo susceptibility for
the Kondo condensate ∆R defined as
χ∆R ≡ − ∂
2
∂h2R
Ω˜(T, µ5; ∆R(L))
∣∣∣
hR=0
, (C1)
where we put the minus sign in order for χ∆R to be pos-
itive. In this expression, Ω˜(T, µ5; ∆R(L)) is the thermo-
dynamic potential in the presence of an external field
hR(L) for the Kondo condensate, which is obtained by
the modified Lagrangian
L˜MF ≡ LMF +
∑
i=R,L
[
hiΨ¯v(1 + pˆ · γ)ψi + h.c.
]
,(C2)
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FIG. 8. µ5 dependence of Kondo susceptibility χ∆R at
T/Λcut = 0, 5× 10−6 and 5× 10−5.
where LMF is defined as Eq. (23).
The resultant µ5 dependence of the Kondo suscepti-
bility at zero and finite temperatures is shown in Fig. 8.
This figure shows that, at zero temperature, χ∆R mono-
tonically decreases as µ5 increases. On the other hand,
when a temperature is switched on, χ∆R has a sharp peak
at nonzero µ5, which clearly shows that the phase tran-
sition is of second order. Note that, because it is difficult
to numerically obtain the curve for T = 0 in Fig. 8, we
plotted an approximate analytic solution
χ∆R|T=0 ≈ 4
G˜
(
pi2
NG˜µ25
− 1
)
, (C3)
which is obtained under an assumption of ∆R  µ5,Λcut
as in Eq. (31).
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